Introduction
In the paper [4] , Ebert, Egner, Hollmann and Xiang constructed afour-class symmetric association scheme by using the set of secant lines with respect to an elliptic quadric $O$ of $PG(3, q)$ for $q\geq 4$ apower of 2. We can regard this association scheme as defined on the set of external lines by taking the orthogonal complement with respect to $\mathcal{O}$ . In this paper, we consider an analogous construction by hyperbolic quadric. We construct afour-class symmetric association scheme by using the set of external lines with respect to ahyperbolic quadric of $PG(3, q)$ . Each relation is invariant under the action of the orthogonal group $O^{+}(4, q)$ but the set of relations is not the set of orbitals on the set of external lines. Indeed, there are more orbitals than relations. Moreover, aquotient of this association scheme forms astrongly regular graph with Latin square type parameters. We also prove that this strongly regular graph is isomorphic to the one constructed from adirect product of apseud0-cyclic symmetric association scheme defined by the action of $SL(2, q)$ on the right cosets $SL(2, q)/O^{-}(2, q)$ , which is ageneralization of the construction given by Mathon [6] . This isomorphism is obtained by an isomorphism between $SL(2, q)^{2}$ and $\Omega^{+}(4, q)$ . 2Association schemes, strongly regular graphs and projective spaces Let $X$ be afinite set and let $\{R_{i}\}_{0\leq i\leq d}$ be relations on $X$ , that is, subsets of $X\cross X$ . Then $\mathcal{X}=(X, \{R_{t}\}_{0\leq i\leq d})$ is called a $d$ -class symmetric association scheme if the following conditions are satisfied. 1 . $\{R_{i}\}_{0\leq i\leq d}$ is apartition of $X\cross X$ .
2. $R_{0}$ is diagonal, that is, $R_{0}=\{(x, x)|x\in X\}$ . 3 . $\{(y, x)|(x, y)\in R_{\iota}\}=R_{i}$ for any $i$ . 4 . For any $i,j$ , $k\in\{0, 1, \ldots, d\}$ , $p_{ij}^{k}:=|\{z\in X|(x, z)\in R_{i}, (y, z)\in R_{j}\}|$ is independent of the choice of $(y, z)$ in $R_{k}$ . , and the others $\theta_{1}$ , $\theta_{2}$ are the solutions of $x^{2}+(\mu-\lambda)x+(\mu-k)=0$ . We can identify the pair of astrongly regular graph and its complement with atw0-class symmetric association scheme whose first eigenmatrix is
In the paper [6] Proof) The direct product of $\mathcal{X}$ is $(X\cross X, \{R_{\mathrm{z}j}\}_{0\leq i,j\leq d})$ , where $R_{\iota j}:=\{((x, y), (x', y'))|(x, x')\in R_{\iota}, (y, y')\in R_{j}\}$ .
is the first eigenmatrix of $\mathcal{X}$ , then $P\otimes P$ is the first eigenmatrix of $(X\cross X, \{R_{\iota j}\}_{0\leq i,j\leq d})$ .
The edge set of $\Delta(\mathcal{X})$ is defined to be $j=1\cup R_{jj}d$ . Then the eigenvalues of the adjacency matrix of
Since $\mathcal{X}$ is psued0-cyclic, $k_{0}=m_{0}=1$ , $k_{j}=m_{i}=m$ for $i,j$ $\neq 0$ . Hence the orthogonality relation implies
Therefore $\Delta(\mathcal{X})$ has three eigenvalues. This implies that $\Delta(\mathcal{X})$ is strongly regular. The parameters of $\Delta(\mathcal{X})$ can easily be calculated. Hence the mapping $G/K$ x $G/K\ni(xK, yK)\mapsto(x, y)K^{2}\in G^{2}/K^{2}$ is an isomorphism between the above two graphs.
cl For the rest of this section, we recall some terminologies on finite projective spaces. In this paper, let $q$ be apower of 2and let $PG(3, q)$ be the three-dimensional projective space over $GF(q)$ . For anon-degenerate quadratic form $Q$ on $GF(q)^{4}$ , we say that apoint $p=\langle v\rangle$ is singular if $Q(v)=0$ , and we say that aline $l$ is external (resp. secant) if the number of singular points in 1is 0(resp. 2). For apoint $ For ahyperbolic type quadratic form, we can construct afour-class symmetric association scheme similar to the above one. Let 
where $p_{44}^{0}=q(q-2)(q-3)(q+1)/2$ . The first eigenmatrix of this association scheme is given by
5Proof of Theorem 3.3
In this section, we prove 
The first relation forms astrongly regular graph whose parameters are calculated ffom the second column of the above first eigenmatrix.
6Another construction of $\Gamma_{q}$ In this section, we will give another construction of the strongly regular graph $\Gamma_{q}$ . This con struction uses amethod which generalizes aconstruction of Mathon ([6, p.137 ], see also [2, pp.96-97]).
Let $G=SL(2, q)$ , $K=O^{-}(2, q)$ . Then $\mathrm{X}\{\mathrm{G},\mathrm{K}$ ) is a $(q-2)/2$-class pseud0-cyclic symmetric association scheme (cf. [2, p.96]). By Lemma 2.1, we can construct astrongly regular graph $\Delta(\mathcal{X}(G, K))$ with parameters $( \frac{1}{4}q^{2}(q-1)^{2}$ , $\frac{1}{2}(q-2)(q+1)^{2}$ , $\frac{1}{2}(3q^{2}-3q-4)$ , $q(q+1))$ which are the same as those of $\Gamma_{q}$ . We shall prove that these graphs are isomorphic.
To show this, we use the isomorphis $\mathrm{m}$ $G^{2}\simeq\Omega^{+}(4, q)$ which maps $(X, Y)$ to $X\otimes Y$ (see [7, p.199] Proof) The graph $\Gamma_{q}$ is isomorphic to the collinearity graph of the dual of the incidence structure $(P, \mathcal{L}, \in)$
. From Lemma 61, the dual of $(\mathcal{P}, \mathcal{L}, \in)$ is isomorphic to the coset geometry $(G^{2}/K^{2}, G^{2}/D(G),$ $*)$ defined in Lemma 22. From Lemma 22, the collinearity graph of $(G^{2}/K^{2}, G^{2}/D(G),$ $*)$ is isomorphic to $\mathrm{A}(\#(\mathrm{G}, K))$ . Therefore $\Gamma_{q}$ is isomorphic to $\Delta(\mathcal{X}(G, K))$ .
